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Based on the results obtained in a previous paper [1], we derive the thermodynamic properties of
a Fermi gas, deep into the quantum degenerate regime. We show that, if Luttinger’s theorem holds,
a first order phase transition occurs in the normal phase as a function of the interaction strength,
U. We also show that a volume change occurs at finite temperatures from the BEC to the BCS side
of a diverging s-wave scattering length, in the normal phase. The transition has an end point above
the BCS critical temperature. Also we show that a paramagnetic system in equilibrium, close to
the divergence of the scattering length, on the negative side, screens out any applied magnetic field.
PACS numbers: 03.75.Ss,05.30.Fk
Fermi liquid theory is characterized by an infinite num-
ber of unknown parameters, the Landau (or Fermi liquid)
Parameters (LP) which are hard to derive from an un-
derlying microscopic hamiltonian [2]. This is even more
pronounced in such strongly correlated fermionic systems
as nuclear matter, neutron stars, 3He, overdoped high Tc
superconductors and QCD just to name a few. In this
context, an important contribution could come from the
cold atom physics community. Feshbach resonances con-
stitute a unique opportunity to study this kind of systems
in the strongly interacting region, because of the easy
experimental accessibility. Still, two component Fermi
gases, have mostly been studied in terms of the super-
fluid phase and much less attention has been given to the
normal one. The possibilities offered, though, are finally
being explored also in the normal phase, particularly to
the MIT group [3], to which our calculations could be
related to some extent. Theoretically, the strongly inter-
acting limit is studied in terms of mean field theory or
in terms of the Random Phase Approximation (RPA),
which, as we showed[1], gives the wrong physics close to
resonance. As a consequence, these methods provide, at
best, a qualitative answer for weakly and intermediate
interacting regimes.
In Ref [1], we showed how to derive from a microscopic
theory the parameters of a Fermi liquid [4] in the full
range of interactions, from weak to strong coupling. Our
calculations are exact in that they satisfy the Landau and
Bedell-Ainsworth sum rules [5] in the low energy regime
(Tc < T  TF , where Tc is the temperature of the BCS
transition and TF is the Fermi temperature)[6] and non-
perturbative, since they do not depend on the existence
of any small parameter.
Before going to the polarized case, which we will dis-
cuss somewhere else, we will explore the consequences
of a Fermi liquid theory close to a diverging scattering
length for the case of equal population systems, since
many results might be equivalent.
In this Letter, we show that the compressibility, the
spin susceptibility and the specific heat have a jump when
the divergent s-wave scattering lenght changes sign and
that this jump might be related to a first order phase
transition since it gives rise to a non-zero latent heat. If
Luttinger’s theorem [7] holds, we show that the presence
of a divergent s-wave scattering length implies a change
in the volume on the two sides of the resonance [8]. We
looked for the existence of a end point in the transition
and found that this temperature is above the superfluid
critical temperature. Thus, the absence of the transition
would signify that this theorem does not hold when the
interaction strength changes sign. Perhaps, the most rel-
evant consequence of our calculations is the spontaneous
creation of pairing on the negative side of the strongly in-
teracting regime, which for the HTSC would signify the
appearance of a pseudogap-like region, below the temper-
ature, T∗ . .35 TF . The pseudogap, thus, would result
as a consequence of the nature of the Fermi liquid state
rather than from fluctuations (thermal/quantum) of the
superfluid state and the breaking of Fermi liquid theory.
Also, since the spin susceptibility vanishes close to the
infinite negative value of the scattering length, a small
magnetic field , i.e. as long as Beff = (χ/N(0))B, where
B(Beff ) is the (effective) field , χ is the spin susceptibil-
ity and N(0) is the density of states (DOS), applied to
the gas in equilibrium cannot polarize the system.
Following [1], our calculations for the LP are shown in
Fig.1. It is interesting to look at the behavior of the
parameters. In the limit as → +∞, the spin fluctu-
ations are dominant (F s0 → ∞), whereas, in the limit
as → −∞, their role is taken over by the density fluctu-
ation (F a0 → ∞). This has immediate consequences on
the respective thermodynamic quantities. From [9], the
compressibility and the spin susceptibility are given by
K = N(0)
1 + F s0
, (1)
χ =
N(0)
1 + F a0
. (2)
Therefore, these quantities are discontinuous as we go
through the divergence of as. In Fig.3 we sketch this
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The fact that some Fermi liquid parameters diverge
may be a little surprising at first. We can understand
this, by looking at the Bedell-Ainsworth sum rule,
4
pi
m∗
m
kFas =
∑
l
(
F sl − F al
(
1 + 2
F al /(2l + 1)
1 + F al /(2l + 1)
))
,
(3)
where F s(a)l the superscript indicates the symmetric (an-
tisymmetric) spin-rotational component and the sub-
script denotes the Legendre component. From this, it
follows that if the scattering length diverges, the RHS
has to diverge. The sum rule is usually[10] exhausted by
the first few momenta of the Landau expansion. As a
consequence, at least one of F s,al has to diverge. From
our model, the diverging LP is F s0 upon approaching
as = +∞ and F a0 upon approaching as = −∞ .
Another of the LP that we are able to calculate is F s1 ,
which in a Galilean invariant system is related to the
effective mass, m∗, through [9]
m∗/m = 1 +
F 1s
3
. (4)
The change in the effective mass is shown in Fig.2. The
jump around |U |−1 = 0 (U = (4pi~2/m)as) in m∗ leads
to a small discontinuity in the specific heat. From Fig.1
and Fig.2 it is clear that the many body effects become
important near 1/U = 0 and decrease rapidly far away
from the resonance.
In order to identify the transition, we calculate the
latent heat . This is defined as
L = T∆S =
pF
3
1
~3
k2BT
2 [m∗(−∞)−m∗(+∞)] , (5)
where ∆S is the variation of the entropy. Here L = L(as)
where as is the s-wave scattering length. The latent heat
is calculated across the divergence of as and is different
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FIG. 1: . The first two Fermi liquid parameters, F s,a0 . The
parameters enter directly in the definition compressibility and
spin susceptibility as seen in text. On the BEC (BCS) side,
F
a(s)
0 ∼ −.6.
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FIG. 2: . Effective mass, m∗, close to as = ±∞ . The small
jump indicates a ”weak” first order phase transition.
from zero at T 6= 0. A latent heat stored means the oc-
currence of a first order phase transition. This transition
would be similar to a first order liquid-vapour transition
in water, since there is no change in the translational
symmetry.
Let’s look now at the Clausius-Clayperon equation,
that is
dP
dT
=
∆S
∆V
, (6)
where P is the pressure, V is the volume and S = γT is
the entropy of a Fermi liquid at low temperature. The
volume has a temperature dependence that in leading
orders can be written as
V = V0 − αT
2
2
, (7)
where
α =
1
2
[
∂(γV )
∂P
]
T=0,N
, (8)
and γ = pi2N(0)/3. A little algebra gives
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FIG. 3: . A schematic view of the compressibility and spin
susceptibility in the vicinity of the divergence.
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FIG. 4: Pressure-Volume. The qualitative isotherms depict
the situation at |U |−1 = 0 for increasing temperatures from
bottom to top figure.
α =
V0
2
(γK) + V0
2
∂γ
∂P
. (9)
From Fig.1, then the compressibility is zero, at resonance,
on the BEC side and finite on the BCS side and therefore
we expect an infinite slope on the BEC side given by
the Clausius-Clayperon equation and a finite slope on
the BCS side, as seen in Fig.4. This gives a physical
intuition of what happens close to the resonance on the
two different sides. When as = +∞, α is basically zero
for T → 0, since γ close to resonance, on either side,
is slowly varying. For as = −∞, the compressibility is
finite, therefore this implies a jump in the curvature of
the P-V diagram. From Eq.(7), the volume has non-zero
contribution from the coefficient of expansion at T 6= 0
and appears to be discontinuous on the two sides of the
resonance. This is shown, qualitatively, in Fig.4. In a
liquid-gas transition in water, there exists an end point,
which is called the critical point, where the latent heat
vanishes. In order to estimate it in our system, we need
to study the correction to the entropy, δS, as a function
of T , beyond the leading order, this is given by [9]
δS = − 1
20
pi4nkBB
(
T
TF
)3
log
(
T
T ∗
)
, (10)
where
B = −1
2
[
(As0)
2
(
1− pi
2
12
As0
)
+ 3(Aa0)
2
(
1− pi
2
12
Aa0
)]
,
(11)
and T ∗ is related to some cut-off energy. In Eq.(11),
As,a0 are the symmetric and antisymmetric components
of the scattering amplitudes for the Legendre component
l = 0. We assume T ∗ to be the energy for which we obtain
the correct transition temperature to the BCS superfluid
phase, Tc ∼ .2TF . Our cut-off is, thus, T ∗ ∼ .35TF [18].
Therefore, the critical point of the first order phase tran-
sition is above the superfluid transition temperature. In
Fig.4, we show schematically the phase diagram for differ-
ent isotherms. For T 6= 0, we are not able to predict how
the system behaves, but it is reasonable to assume that
as one compresses the system slowly, one should observe
a mixture of the two phases in analogy with the liquid-
vapour transition. As pointed out above, the transition
and the effects we discuss are, for the most part, below
or at temperature comparable to the superfluid transi-
tion one and it would seem hard to observe them, for ex-
ample, in cold atom systems. A favorable experimental
situation, though, is already available. In polarized sys-
tems [19], it has been shown that it is possible to suppress
the superfluid phase. The resulting system, although not
corresponding exactly to the situation at hand here, is a
polarized Fermi liquid at zero temperature.
Up to now, we have implicitly assumed that kF is the
same on the two sides of the divergence, that is, we have
assumed the validity of the Luttinger’s theorem as we go
across the resonance . If this is true, then
NBEC
VBEC
=
NBCS
VBCS
. (12)
Therefore, a change in the volume, due to the transi-
tion we predict, implies a change in the number of par-
ticles on the two sides of the resonance. In cold atoms
traps, though, the system has the possibility to convert
these unpaired fermions into composite bosons or paired
fermions, either in the closed channel or in the open chan-
nel. It is known [14] that in 6Li some molecules are
still present at resonance, in the closed channel, whereas,
for equal (unequal) populations systems, paring has also
been observed in the absence of a superfluid phase [15]
([3]). Therefore, the percentage of particles lost in these
channels must be equal to the volume change of the Fermi
liquid, in order to have the same Fermi momentum. Since
only a small part of the Fermi surface is involved, the oc-
cupied volume change might not be detectable.
The first order transition we have described, is not the
only possibility for the system. If Luttinger’s theorem
does not hold, the system could still avoid the more dra-
matic first order transition provided
kBECF m
∗
BEC = k
BCS
F m
∗
BCS . (13)
Since m∗BCS > m
∗
BEC , it must be k
BCS
F < k
BEC
F . This
implies that the density of fermions in the system has
to be somewhat smaller on the BCS side. Keeping the
4volume constant, this implies that(
m∗BCS
m∗BEC
)3
=
NBEC
NBCS
. (14)
Since
(
m∗BCS
m∗BEC
)3
∼ 2%, there is a small change in the
number of fermions on the two sides, or better in the
density, which means a small change in the Fermi surface.
In this case, the latent heat would be zero. In both cases,
it is quite relevant to emphasize that in the absence of a
closed channel, as in HTSC for example, the system can
create pairs in the stronlgy interacting region, which will
(only) appear as a pseudogap just below our T∗, but have
nothing to do with fluctutions of the superfluid state, as
it seems the case in [3] . Also, by looking at the properties
of the system close to the resonance, we would implicitly
test the Luttinger’s theorem.
It is important to emphasize that whether Luttinger’s
theorem does or does not hold, still the system requires
that the two Fermi liquids be composed of two different
number of fermions. Thus, if there is a mass difference on
the two sides of the resonance, only a first order transition
is the signature of the validity of Luttinger’s theorem.
In recent experiments [19], it was found that a s-
wave BCS state existed for large spin population imbal-
ances, without, up to now, any clear evidence for ex-
otic superfluid phases. In such polarized system, one
might expect to be beyond the Clogston-Chandransekhar
limit [21]. In fact, naively, based on our calculation,
we would argue that the system should not be in an s-
wave superfluid state at all. To see this, we note that
in Ref.[20], it was pointed out that for small polariza-
tions, m = (n↑ − n↓)  n, where nσ is the number
of quasiparticles of spin σ, in quasi-equilibrium systems,
the quasi-particles feel an effective internal field given by
(F a0m)/N(0). Clearly this field, for any small m, would
be larger than ∆, the superfluid gap, close to resonance,
since F a0 diverges. This would seem counter to recent
experiments[19], where an s-wave BCS state was found
close to resonance for a broad range of polarizations. In
those experiments, though, the system phase separates
in two regions, one with high polarizations and no super-
fluidity, and one with s-wave superfluidity and no polar-
ization. Based on the argument we gave above, this is
indeed the only way to achieve an s-wave superfluid in
a polarized system near resonance. Given the fact that
this is a superfluid with a short coherence length, this
would allow the system to remain in the superfluid state
for large population imbalances.
In conclusion, a Fermi liquid close to a diverging scat-
tering length offers some unexpected behavior. By de-
riving microscopically the Fermi liquid parameters, we
observed a jump across the divergence of as in the com-
pressibility, spin susceptibility, and specific heat . We
showed that this transition corresponds to a first order
transition, since the latent heat is finite and non zero at
resonance. We showed that this transition is related to
the validity of Luttinger’s theorem, thus we provide im-
plicitly a tool for testing it. Most importantly, we showed
that whether the latter theorem does or does not hold,
Fermi liquid theory imposes a ”pseudogap-like” region
below T∗ in the crossover region which is strictly a con-
sequence of the thermodynamics of the Fermi liquid and
not due to fluctuations of the superfluid state. We also
provide a plausible physical argument for the observation
of the s-wave superlfuidity close to resonance and over a
broad range of population imbalance. We are currently
exploring the consequences of this theory for large polar-
izations in more detail.
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